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Samevatting
Teen die agtergronbd van Clouser se tipering van ‘n “re li gious be lief”
word allereers gelet op vier alternatiewe benaderings wat hy vermeld. 
Vervlgens word in die lig van moderne strominge in die wiskudne
aandag geskenk aan die merkwaardige invloed wat Kant se “Kritiek van 
die Suiwere Rede” (1781) op divergerende standpunte in die 20ste eeu 
gehad het. Die intuisionistiese wiskunde van Brouwer en sy nakome -
linge het inderdaad ‘n wiskunde geskep wat geen eweknie in die klas -
sieke wiskunde vind nie. Op ba sis van ‘n kensketsing van die verskille
tussen die platonisme en die intuisionisme in die moderne wiskunde
word geargumenteer dat die werklikheid waarin ons leef inderdaad on -
mis kenbaar ‘n getals- en ruimte-kant besit – wat verklaar waarom wis -
kundiges fnksionele samehange kan ontbloot wat rel e vant is vir ‘n
teoretiese verstaan van fisiese dinge en prosesse in die werklikheid. Die 
verdieptende perspektief wat die refomatoriese wysbegeerte op hierdie
problematiek bied word saaklik toegelig aan die hand van die bekende
opvatting dat ‘n lyn ‘n versameling punte is.

1. Introduction

In his work on The Myth of Re li gious Neu tral ity (1991) Roy Clouser con -
vinc ingly ar gued that not even math e mat ics is ex empted from the in flu -
ence of re li gious be liefs.

Clouser de fines “re li gious be lief” as fol lows: “(1) it is a be lief in some -
thing(s) or other as di vine, or (2) it is a be lief con cern ing how hu mans
come to stand in proper re la tion to the di vine” (1991:23). Some times re li -
gion is merely un der stood in terms of the sec ond el e ment in Clouser’s
def i ni tion. In a re cent edi tion of the Cam bridge In ter na tional Dic tio nary
of Eng lish the term hu man ism, for ex am ple, is de fined as fol lows:

“a be lief sys tem based on the prin ci ple that peo ple’s spir i tual and
emo tional needs can be ful filled with out fol low ing a re li gion”
(1997:692).
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The term “re li gion” as it is used in the ex pres sion “fol low ing a re li gion”
is merely un der stood in terms of the sec ond el e ment in Clouser’s def i ni -
tion. Ironically, the first part of the def i ni tion given in the Cam bridge In -
ter na tional Dic tio nary is still fully “re li gious” in terms of the first part of
Clouser’s def i ni tion!

In his men tioned book Clouser un der stands the mean ing of “re li gious be -
liefs” from the per spec tive of what ever is taken to be di vine – in the sense 
that it serves as the ul ti mate prin ci ple of ex pla na tion of what ever else
there may be. In or der to higlight the ef fect of be liefs on the con tent of
math e mat ics Clouser briefly treats four al ter na tive the o ret i cal ap proaches
to math e mat ics:

(1) The Num ber-World The ory (as sert ing that math e mat ics treats the
“re flec tion in our ex pe ri ence and thought of a realm of unobservable, 
in de pend ent en ti ties which make ob serv able things pos si ble”
(1991:114);

(2) the The ory of J.S. Mill (which is “con trolled by the per spec tive that
says the na ture of re al ity is ex clu sively sen sory” (1991:115);

(3) the The ory of Rus sell (which “views all of math as ei ther iden ti cal
with or de riv a tive from, logic” (1991:115); and

(4) the in stru men tal The ory of Dewey – ac cord ing to which math just
works – the mean ing of its sym bols and for mu lae is their use
(1991:118).

2. Different schools of thought in mathematics

These ex am ples of Clouser sug gest that there may be con flict ing ori en ta -
tions pres ent in the dis ci pline of math e mat ics. His first ex am ple ac tu ally
re fers to what be came known as pla ton ism in mod ern math e mat ics. In a
pa per with the ti tle (Pla ton ism in Math e mat ics, Paris, 1934 – see Bernays, 
1976), Paul Bernays in tro duces this char ac ter iza tion of the dom i nant ori -
en ta tion in math e mat ics, al though as such it ac tu ally en com passes two
dis tinct par a digms, namely that of logicism (Frege, Rus sell and Gödel)
and that of (ax i om atic) for mal ism (Hilbert). Al though em pir i cism is
some times men tioned in con nec tion with the foun da tion of math e mat ics,
those ori en ta tions which af fected math e mat ics as such are the men tioned
logicism, for mal ism and also intuitionism (Brouwer, Heyting, Troelstra,
Dummett, Van Dalen and oth ers).

How ever, these po si tions can not be well un der stood ex cept if it is done
against the back ground of the his tory of math e mat ics. As sessed in terms
of the ba sic di ver sity within re al ity this his tor i cal back ground is cen tered
in three foun da tional cri ses. The first cri sis oc curred with the dis cov ery of 
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incommensurability by Hippasos of Metapont round about 450 B.C. Be -
cause Greek math e mat ics was not able to han dle ir ra tio nal num bers, the
ini tial at tempted arithmetization – com pare the Py thag o rean slo gan: “ev -
ery thing is num ber” – re verted into a “geometrization” of math e mat ics.
This switch from the nu mer i cal to the spa tial per spec tive lasted un til the
rise of mod ern phi los o phy. Both Des cartes and Kant still char ac ter ize
mat ter in terms of a spa tial ori en ta tion. The sec ond foun da tional cri sis
con cerns the con cept of a limit (early 19th cen tury and the third the
antinomies of set the ory (be gin ning of the 20th cen tury).

What is in deed re mark able is that Kant, in his Cri tique of Pure Rea son
(CPR), pro vides the start ing-point for the men tioned three dom i nant
math e mat i cal schools of thought of the 20th cen tury.

2.1 Kant and modern mathematics

The three main sub di vi sions of the CPR pro vides this point of de par ture.
The logicism of Gödel, fol low ing B. Rus sell, uses the im pact of the tran -
scen den tal an a lytic. Ac cord ing to Körner, Rus sell even be lieves that ob -
jec tive ex pe ri ence “pre sup poses nonanalytic and non aposteriori prin ci -
ples, in other words that ‘we are in pos ses sion of’ syn thetic a pri ori prin -
ci ples” (1977:102).

The neo-intuitionism of Brouwer and his fol low ers (such as Weyl,
Heyting, the con struc tive math e mat ics of P. Lorenzen, Van Dalen,
Troelstra, Dummett and oth ers) chooses to em ploy the ba sic tenet of
Kant’s tran scen den tal aes thetic, thus ac cept ing the in fi nite only in its
(above-mentioned) un dis closed sense of end less ness. Brouwer used to
speak about the in tu ition of bare two-oneness:

This in tu ition of two-oneness, the basal in tu ition of math e mat ics,
cre ates not only the num bers one and two, but also all fi nite or di -
nal num bers, in as much as one of the el e ments of the two-oneness
may be thought of as a new two- oneness, which pro cess may be
re peated in def i nitely (Brouwer, 1964:69).

This in tu ition of bare two-oneness is in ti mately linked with the in fi nite
divisibility of a spa tial con tin uum, thus unit ing in a cer tain sense the “con -
nected and the sep a rate, the con tin u ous and the dis crete,” since this in tu -
ition of the con tin uum is not ex haust ible “by the in ter po si tion of new
units and . . . there fore can never be thought of as a mere col lec tion of
units” (Brouwer, 1964:69). Al though the dis cov ery of non-euclidean ge -
om e try entailed a se ri ous blow to the Kantian doc trine of space, his con -
cep tion of syn thetic a pri ori con cepts in arith me tic con tin ued to in flu ence 
intuitionism (and, as we shall see, even for mal ism). Weyl claims that the
prin ci ple of math e mat i cal in duc tion pre vents math e mat ics from be com ing 
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purely tau to log i cal and in fact holds the con vic tion that math e mat ics
deals with syn thetic a pri ori prop o si tions (cf. Weyl, 1966:86-87).

Hilbert, the fa ther of mod ern (ax i om atic) for mal ism, re ceives the main
im pulse from Kant’s tran scen den tal di a lec tic, al though he ac cepts an im -
por tant part of the rest of Kant’s CPR as well. In the sec ond prop o si tion
of his doc toral the sis we read:

That the ob jec tions to Kant’s the ory of the a pri ori na ture of ar ith -
met i cal judg ments are un founded (quoted by Reid, 1970:l7). 

And in his pa per on the in fi nite (in honor of Carl Weierstrass) Hilbert
writes:

Kant taught – and it is an in te gral part of his doc trine – that math e -
mat ics treats a sub ject mat ter which is given in de pend ent of logic.
Math e mat ics, there fore, can never be grounded solely on logic.
Con se quently, Frege’s and Dedekind’s at tempts to so ground it
were doomed to fail ure (1925: 170-171; also con tained in
Benacerraf and Putnam, 1964, see pp.l36-151).

Finally, in ac cor dance with Kant’s no tion of tran scen den tal ideas, Hilbert 
em ployed in fin ity in the sense of com pleted in fin i tude:

The role that re mains for the in fi nite to play is solely that of an
idea – if one means by an idea, in Kant’s ter mi nol ogy, a con cept of 
rea son which tran scends all ex pe ri ence and which com pletes the
con crete as a to tal ity – that of an idea which we may un hes i tat -
ingly trust within the frame work erected by our the ory (1925:190).

2.2 Two different kinds of “mathematics”

The dif fer ences be tween intuitionistic and formalistic math e mat ics are not 
re stricted to the phi los o phy of math e mat ics. It af fects the con struc tion and 
in ner de tail of math e mat ics as such.

E.W. Beth cor rectly re marks:

Mean while, for the intuitionists this for mal iza tion has in no way
the mean ing of a foun da tion as it does for the logicists. On the
con trary, formalistic ex pres sion is in a po si tion to pro duce no more 
than an in ad e quate pic ture of intuitionism (Beth, 1965:90).

To this we may add two equally sig nif i cant state ments:

The intuitionists have cre ated a whole new math e mat ics, in clud ing 
a the ory of the con tin uum and a set the ory. This math e mat ics em -
ploys con cepts and makes dis tinc tions not found in the clas si cal
math e mat ics (Kleene, 1952:52);

It is clear that intuitionistic math e mat ics is not merely that part of
clas si cal math e mat ics which would re main if one re moved cer tain
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meth ods not ac cept able to the intuitionists. On the con trary,
intuitionistic math e mat ics re places those meth ods by other ones
that lead to re sults which find no coun ter part in clas si cal math e -
mat ics (Beth, 1965:89).

2.3 The conflict between platonism and intuitionism

Set the o rists tend to see car di nal ity as the most ba sic nu mer i cal no tion.
How ever, Fraenkel points out that, in gen eral, car di nals could not be
com pared with out the “ex plicit or im plicit use of or der” (1976:127; cf.
Fraenkel et al 1973:80). On the same page he grants that there is “hardly
a doubt that psy cho log i cally the or dered set is pri mary, ow ing to our ex -
pe ri ence with spa tial or der and tem po ral suc ces sion, and that the plain set
is de rived by ab strac tion.” How ever, since the plain set seems to be the
more gen eral no tion (based on mem ber ship alone), and since math e mat ics 
usu ally pro ceeds from the gen eral to the less gen eral, it seems nat u ral,
from the logico-mathematical point of view, to be gin with plain sets and
car di nals be fore in tro duc ing or dered sets and or di nals (by add ing the or -
der re la tion to the mem ber ship and equiv a lence re la tion) (cf. Fraenkel,
et.al 1973:127).

The im plicit as sump tion in this ar gu ment is given in the start ing-point of
(ax i om atic) set the ory as such – the no tion of a set en tails the whole-parts
re la tion. The prim i tive sta tus of the term set in ax i om atic set the ory (for
ex am ple that of Zermelo-Fraenkel), im plic itly con cedes that the prop erty
of be ing a to tal ity (whole) can not be re duced to purely nu mer i cal rep re -
sen ta tions.

In re ac tion to the intuitionistic con cep tion of the con tin uum Bernays cor -
rectly re marks:

Intuitionist anal y sis, even though it be gins with a much more re -
stricted no tion of a func tion, does not ar rive at such sim ple ax i -
oms; they must in stead be re placed by more com plex ones. This
stems from the fact that on the intuition istic conception, the con -
tin uum does not have the char ac ter of a to tal ity, which un de ni ably
be longs to the geo met ric idea of the con tin uum. And it is this char -
ac ter is tic of the con tin uum which would re sist per fect
arithmetization (Bernays, 1976:74).1

The ul ti mate di vi sive fac tor be tween pla ton ism and intuitionism is there -
fore given in their re spec tive views on the na ture of the in fi nite:
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intuitionism sees it as an un fin ished and uncompleted pro cess while pla -
ton ism views it as a to tal ity given at once.

This ba sic dif fer ence had far-reaching con se quences. Not only did
intuitio nism re ject Can tor’s transfinite num ber the ory and the uni ver sal
ap pli ca bil ity of the log i cal prin ci ple of the ex cluded mid dle, since it in -
deed con structed a whole new math e mat ics as we have noted.

In the the ory of func tions of real num bers, it is im por tant to con -
sider as so ci a tions of num bers with whole choice se quences. Here a 
de ci sive dif fer ence arises vis-à-vis the clas si cal con cep tion. Since
for the intuitionists a choice se quence is not a fin ished thing, the
as so ci a tion of a num ber x with a choice se quence a is pos si ble
only if the num ber x is al ready de ter mined at a fi nite stage in the
growth of the choice se quence a. To day this idea is called
‘Brouwer’s prin ci ple’. While sur ren der of the prin ci ple of the ex -
cluded mid dle rep re sents a weak en ing of the modes of thought of
clas si cal math e mat ics, Brouwer’s prin ci ple pro duces, from an other 
point of view, a strength en ing, so that the intuitionistic the ory
turns out in re al ity to be not a sub-theory of the clas si cal the ory but 
a the ory of a dif fer ent kind. This strength en ing is re vealed in the
fact that in clas si cal math e mat ics Brouwer’s prin ci ple is false.
This can be made clear by the fol low ing ex am ple. Clas si cal the ory
ad mits a rule as so ci at ing num bers with choice se quences which
pre scribes that the num ber 1 is to be as so ci ated with the se quence
con sist ing ex clu sively of ze ros, and the num ber 2 with all other se -
quences. Man i festly, this con tra dicts Brouwer’s prin ci ple. For we
can not as sert at any fi nite stage of a se quence con sist ing (up to that 
point) ex clu sively of ze ros that it will con tain only ze ros be yond
that point. Hence we can not re place the above rule with an equiv a -
lent one by which the num ber as so ci ated with a se quence is al -
ready de ter mined at a fi nite stage in the gen er a tion of that se -
quence.
   The spe cial char ac ter of intuitionistic math e mat ics is ex pressed
in a se ries of the o rems that con tra dict the clas si cal re sults. For in -
stance, while in clas si cal math e mat ics only a small part of the real
func tions are uni formly con tin u ous, in intuitionistic math e mat ics
the prin ci ple holds that any func tion that is de fin able at all is uni -
formly con tin u ous (Stegmüller, 1970:331).

3. Mathematicians engage in a study of aspects of the real “world” (i.e.,
the “mathematical side” of reality)

Ow ing to a long-standing one-sidedness in the his tory of West ern re flec -
tion the term “ex is tence” is con stantly iden ti fied with the re al ity of con -
crete en ti ties, such as ma te rial things, plants an i mals and hu man be ings.
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These things con sti tute the do main of “ex pe ri ence.” If “ab stract en ti ties”
or “prop er ties” are con tem plated they were trans posed to a su pra-sensory
“in tel li gi ble realm” (com pare pla ton ism in all its var i ous forms, tra di tion -
ally also known as re al ism) or they were em bed ded in the cre ative pow ers 
of the in di vid ual (and some times: col lec tive) hu man mind (intuitionism
and other vari ants of nomi nal ism).

Clearly, there fore, the tra di tional op po si tion be tween re al ism and nomi -
nal ism (com pare the tran si tion from me di eval to early mod ern phi los o -
phy) still has a bear ing on the foun da tional ques tions of math e mat ics. For
ex am ple, in their or di nary un der stand ing sets are uni ver sals and they par -
take, in the words of Fraenkel et.al, in “the well-known and am ply dis -
cussed clas si cal prob lem of the on to log i cal sta tus of the uni ver sals”
(Fraenkel et.al 1973:332). The three main tra di tional an swers given to
this prob lem, namely re al ism, nomi nal ism and con cep tu al ism, are con -
nected with their mod ern coun ter-parts known as pla ton ism,
neo-nominalism, and neo-conceptualism (Fraenkel et.al, 1973:332). To
make head way in these is sues we have to in tro duce a ba sic dis tinc tion de -
vel oped in the reformational tra di tion of phi los o phy, namely that be tween 
mo dal ity and en tity.

The sci en tific use of gen eral con cepts of func tion re flects the fea ture of
modal ab strac tion (anal y sis) which serves as the start ing-point for the
spec i fi ca tion ob tained when these uni ver sal modal no tions are used to an -
a lyze con crete things, such as at oms, plants or aes thetic ob jects. For ex -
am ple, we may dis tin guish be tween entitary laws (typ i cal laws) which are 
ap pli ca ble to a lim ited class of en ti ties (such as the Cou lomb law – only
ap pli ca ble to charged en ti ties – or the Pauli prin ci ple – only ap pli ca ble to
fer mions), and modal laws which, rather than de scrib ing a spec i fied class
of en ti ties, per tain to all kinds of en ti ties (cf. the main laws of
thermo-dynamics) – in the words of the phys i cist Stafleu they de scribe “a
mode of be ing, re lat ed ness, ex pe ri ence, or ex pla na tion” (1980:11).

The math e ma ti cian, as well as ev ery other spe cial sci en tist, has to an swer
the fol low ing philo soph i cal ba sic ques tion of his or her spe cial sci ence:
what is the de lim it ing an gle of ap proach of the ac a demic dis ci pline con -
cerned? In or der to an swer this ques tion one might be in clined to
side-step the real is sue sim ply by enu mer at ing the sub-disciplines of a
spe cific spe cial sci ence. Sup pose an ad her ent of the Bourbaki says:
“math e mat ics is the dis ci pline which ul ti mately stud ies (the for mal sys -
tems) of al ge bra and to pol ogy”, then it is clear that the ital i cized words
are not an ax iom, the o rem or con clu sion reached in the study of al ge bra
or to pol ogy! Al though one has to be ac quainted with the con tents of
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math e mat ics in or der to be able to for mu late this kind of def i ni tion, it
does not im ply that the for mu la tion as such is spe cial sci en tific in na ture
– it re mains a philo soph i cal task to an swer this ba sic ques tion. Along this
line of thought one can dif fer en ti ate by def i ni tion be tween phi los o phy
and the spe cial sci ences: those in tel lec tual dis ci plines which need to tran -
scend their own lim its when they want to de fine their field of in ves ti ga -
tion are called spe cial sci ences, whereas that pe cu liar ac a demic
endeavour which can han dle ques tions like these within its own con fines
is called phi los o phy.

Fur ther more, to ac tu ally de limit a spe cial sci en tific an gle of ap proach re -
quires that one has to iden tify the rel e vant mo dal ity (as pect) im ply ing that 
one must si mul ta neously dis tin guish it from other mo dal i ties. The mu tual
co her ing pres ence both of iden ti fi ca tion and dis tin guish ing stresses the
ne ces sity of a philo soph i cal view on the co her ing di ver sity of modal as -
pects – a view tran scend ing the bound aries of any mo dally de lim ited spe -
cial sci en tific view-point. In other words, the very na ture of modal ab -
strac tion (anal y sis) re veals the philo soph i cal de pend ence of the spe cial
sci ences.

We may now re turn to our ques tion: is the sci ence of math e mat ics suf fi -
ciently de lim ited by de scrib ing it as the sci ence of “for mal sys tems”? Ac -
cord ing to the in ter pre ta tion of Bernays, which iden ti fies “for mal” with
(ide al iz ing) math e mat i cal ab strac tion, math e mat ics con sid ers only the
struc tural mo ments of an ob ject, i.e., the way in which an ob ject is com -
posed out of parts. In a cer tain sense this char ac ter iza tion is both too wide 
and too nar row to de limit the sci ence of math e mat ics. The first short com -
ing was sensed by him self when he re fers to the fact that all ar eas of re -
search are con cerned with struc tures – struc tures of so ci ety, struc tures of
the econ omy, the struc ture of the earth, struc tures of plants, of
life-processes, and so on (Bernays, 1976:172). He also re al izes that math -
e ma ti cians ap ply some kind of ide al iza tion in their field of study. When
he said that math e mat ics han dles ide al ized pos si ble struc tures it is still in -
suf fi cient, be cause ev ery modal as pect is to be dis tin guished from con -
crete things which merely func tion within these uni ver sal as pects. No as -
pect as such is a “con crete en tity”1 – ex plain ing why the only road to an
ex plicit con cep tion of these mo dal i ties is given in the na ture of modal
anal y sis. The uni ver sal scope of these mo dal i ties is clearly seen when we
state that all pos si ble func tions of en ti ties within them pre sup pose the uni -
ver sal scope of their modal ex is tence – an ex is tence which we can ar tic u -
late ex plic itly only by means of modal ab strac tion, i.e., in the terms used
by Bernays, by means of the lift ing out of “ide al ized struc tures.” The fact
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that ide al iza tion in the sense of ab stract ing uni ver sal struc tural fea tures
not only per tain to modal struc tures (as pects) of re al ity but also to the
struc ture of con crete en ti ties (ex em pli fied in ev ery day con cepts such as
cars, hu mans, stars, an i mals and so on), was not grasped by Bernays,
with the re sult that he was un able to de limit the sci ence of math e mat ics in 
a sat is fac tory way. The mean ing at tached by him to the term “struc ture”,
re fer ring to the way in which an ob ject is com posed out of parts, is ul ti -
mately con nected with the whole-parts re la tion which is, as we want to
ar gue, fun da men tally con nected with the na ture of the spa tial as pect of
re al ity.1 But surely, he did not want to say that the field of in ves ti ga tion
of math e mat ics is de lim ited by noth ing but the spa tial as pect! It would
sim ply im ply a geometrization of math e mat ics sim i lar to the one Greek
math e mat ics un der went af ter the dis cov ery of incommensurability!

Keeping in mind that all modal as pects are given in an un break able co -
her ence, we may say at this stage that both the as pects of num ber and
space de limit the do main of math e mat ics as a spe cial sci ence.

The ac cep tance of num ber and space as fun da men tal and ir re duc ible
modes of re al ity lib er ates us from a num ber of one-sided em pha ses pres -
ent in the his tory of math e mat ics.

1) Quan ti ta tive and spa tial re la tion ships, cap tured in the math e mat i cal
con cept of func tion, are ontically given as modes of ex is tence of con -
crete re al ity.

2) These two as pects of re al ity are nei ther cre ated by the hu man mind
(side-stepping a purely constructivistic and intuitionistic ap proach)
nor is it pos si ble to com pre hend their mean ing in a mind-in de -
pendent way (in op po si tion to math e mat i cal pla ton ism).

3) The his tory of math e mat ics ex plored op pos ing re duc tions: (a) space
to num ber, fol lowed by the in ter me di ate at tempt (b) to re duce num -
ber to space and fi nally (c) the mod ern math e mat i cal ap proach (since 
the last quar ter of the 19th cen tury) which once again tries to
arithmetize all of math e mat ics.

About two de cades ago a well-known math e ma ti cian, Mor ris Kline, wrote 
a whole book deal ing with the way in which the clas si cal ideal of math e -
mat ics as an ex act sci ence with cer tainty as its guid ing star was un der -
mined. He re marks:

The de vel op ments in the foun da tions of math e mat ics since 1900
are be wil der ing, and the pres ent state of math e mat ics is anom a lous 
and de plor able. The light of truth no lon ger il lu mi nates the road to
fol low. In place of the unique, uni ver sally ad mired and uni ver sally 
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ac cepted body of math e mat ics whose proofs, though some times
re quir ing emen da tion, were re garded as the acme of sound rea son -
ing, we now have con flict ing ap proaches to math e mat ics. Be yond
the logicist, intuitionist, and formalist bases, the ap proach through
set the ory alone gives many op tions. Some di ver gent and even
con flict ing po si tions are pos si ble even within the other schools.
Thus the constructivist move ment within the intuitionist phi los o -
phy has many splin ter groups. Within for mal ism there are choices
to be made about what prin ci ples of metamathematics may be em -
ployed. Non-standard anal y sis, though not a doc trine of any one
school, per mits an al ter na tive ap proach to anal y sis which may also 
lead to con flict ing views. At the very least what was con sid ered to
be il log i cal and to be ban ished is now ac cepted by some schools as 
log i cally sound (1980:275-276)

It is in deed strange that the his tory of math e mat ics ex plored the dual
one-sidedness of an arithmeticistic (founded by Greek math e ma ti cians
and again en throned dur ing the past hun dred years) and a geometricistic
ap proach (dom i nant dur ing the in ter me di ate pe riod and more re cently
once again sup ported by Frege in his later de vel op ment) and never ven -
tured to ex plore to fol low ing ob vi ous third pos si bil ity: ac knowl edge both
the unique ness and the mu tual co her ence of num ber and space as as pects
of the richly var ied creational or der-diversity.

4. Enriching perspectives from reformational philosophy

Al though it is com mon knowl edge amongst those fa mil iar with the tra di -
tion of reformational phi los o phy to ac knowl edge the sphere sov er eignty
of the as pects of num ber and space, it may seem that this philo soph i cal
leg acy does not re ally touch the core is sues ly ing at the foun da tion of
mod ern mathematics.

Per haps an ex am ple, treat ing the idea of a line as a con tin uum of points
may help to dem on strate the con trary.

4.1 Is a line a set of points?

Ref lec ti ons on the pos si bi li ty to view con ti nu ous ex ten si on as being
“com po sed” out of non-extended “points” are as old as the spe cu la ti ons
about the na tu re of in fi ni ty it self. Throug hout this long his to ri cal de ve lop -
ment we en coun ter pro po nents of both pos si bi li ties, i.e., tho se who clai m -
ed that non-extended ele ments can ne ver con sti tu te the con ti nui ty of a li -
ne-segment, and tho se who were con vin ced that it is per fect ly me a ning ful 
to de fend such a con vic ti on. In a spe ci fic sen se we may both ag ree and
dis ag ree with the se two po si ti ons.
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The emp ha sis on the no ti on of a point im me di a te ly re la tes our con si de ra -
ti ons to the pro blem of di men si on. Ho we ver, in or der to ac count for the
re la ti on be tween di men si on and points, a more ge ne ral ap pro ach is nee -
ded which can spe ci fy the nu me ri cal ana lo gy at the law-side of the spa ti al 
as pect in a ge ne ral way [sta ted in ma the ma ti cal terms: the pro blem of the
(to po lo gi cal) in va ri an ce of di men si o nal num ber]. The way in which this
pro blem was even tu al ly sol ved in the 20th cen tu ry by Brou wer, Le be s -
que, Meng er and Ury sohn dis plays an in ti ma te con nec ti on with less exact 
ide as which int ui ti ve ly were ope ra ti ve al most throug hout the who le his to -
ry of ma the ma tics and phi lo sop hy.

Aris tot le's abs trac ti on-theory al re a dy em ploy ed the no ti on of a boun da ry
(or li mit) – which is int ui ti ve ly im me di a te ly as so ci a ted with spa ti al no ti -
ons (alt hough a dee pe ned arithme ti cal de scrip ti on is per fect ly in or der).
For exam ple, in the view of Aquin as a de ter mi na te li ne-stretch has points
at its ex tre mi ties (Aris tot le used the term e[scha ton). This le ga cy re tur ned 
in a so mew hat more ge ne ral form in Kant's fol lo wing rem ark:

Area is the boun da ry of ma te ri al spa ce, alt hough it is it self a spa ce, 
a line is a spa ce which is the boun da ry of an area, a point is the
boun da ry of a line, alt hough still a po si ti on in spa ce” (1969,
A:170).

While the idea is an cient, mod ern Cantorian set the ory again came up
with the con vic tion that a spa tial sub ject such as a par tic u lar line must be
seen sim ply as an in fi nite (tech ni cally, a non-denumerable in fi nite) set of
points.

If the points which con sti tute the one di men sional con ti nu ity of the line
were them selves to pos sess any ex ten sion what so ever, it would have the
ab surd im pli ca tion that the con ti nu ity of ev ery point is again con sti tuted
of smaller points than the first type, but which would nec es sar ily also
have some ex ten sion. This ar gu ment could be con tin ued ad in fi ni tum, im -
ply ing that we would have to talk of ever-diminishing points. In re al ity
such di min ish ing points do not at all re fer to real points, since they are
sup posed to in di cate the na ture of con tin u ous ex ten sion, which as we
have seen, is in fi nitely di vis i ble. Such points build up space out of space.

Any thing which has fac tual ex ten sion has a sub ject-function in the spa tial 
as pect (such as a chair) or is a modal sub ject in space (such as a line, a
sur face, and so forth). A point in space, how ever, is al ways de pend ent on
a spa tial sub ject since it does not it self pos sess any ex ten sion. The length,
sur face or vol ume of a point is al ways zero – it has none of these. If the
mea sure of one point is zero, then any num ber of points would still have a 
zero-measure. Even an (denumerable) in fi nite set of points would never
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con sti tute any pos i tive dis tance, since dis tance pre sup poses an ex tended
sub ject.1

Mea sure The ory ap par ently over comes this lim i ta tion by em ploy ing the
fea ture of non-denumerability evinced by the set of real num bers. Can tor
had proven that the real num bers can not be counted off one by one, that
is, they are non-denumerable. Then it is no lon ger pos si ble to de fine ad di -
tion, since in or der to add, a set must be denumerable: only then can one
and an other one and an other one be added. In such a case it is said that
the non-denumerable set of points be tween two points x and y have a
mea sure larger than zero – in or der that a line can be de fined as a set of
real points.

In this math e mat i cal ar gu ment im plicit use is made of a dis closed idea of
in fin i tude. Our orig i nal aware ness of num ber de pends on a tem po ral or -
der of one, an other one, and so forth. This or der of suc ces sion we can call 
the suc ces sively in fi nite. When we con sider a se quence of num bers as if
all the el e ments of the row are ob served at once – as the points on a
straight line are in view at the same time – we come across a deep ened
sense of in fin i tude, the at once in fi nite. With out the na ture of spa tial si -
mul ta ne ity this sup po si tion of an at once in fi nite set has no foun da tion.
The at once in fi nite is a nu mer i cal an tic i pa tion to the spa tial as pect. It is
an an tic i pa tory anal ogy in num ber of space. Thanks to this anal ogy the ar -
ith met i cal or der of suc ces sion is di rected in an tic i pa tion to wards the spa -
tial or der of si mul ta ne ity.2

The at once in fi nite pre sup poses the ir re duc ible, unique na ture of the spa -
tial as pect and can not be used sub se quently to re duce space to num ber (a
dis tinct num ber of points) in terms of a non-denumerable set of real
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2 In Aristotle’s dis cus si on of Zeno’s an ti no mies – i.e. that of Achil les and the tor toi se –
the dis tinc ti on be tween the se two ty pes of in fi ni ty is in di ca ted as the po ten ti al in fi ni te
and the ac tu al in fi ni te. His to ri cal ly ot her terms have also been used, such as un com ple -
ted and com ple ted in fi ni ty.



points.1 This reductionist at tempt is antinomical and im plies the fol low ing 
con tra dic tion: space can be re duced to num ber if and only if it can not be
re duced to num ber (i.e. if and only if the at once in fi nite is used, which
pre sup poses the irreducibility of the spa tial as pect)!

4.2 The spatial subject-object relation

A point al ways func tions in an ob jec tively lim it ing way with re gard to a
spa tial sub ject. If it is a one-dimensional sub ject, points serve as its be gin -
ning and end. If it is a two-dimensional fig ure (such as a square), points
serve as the cor ners, and so forth. A line, which is a sub ject in one di men -
sion, can also func tion in a lim it ing (ob jec tive) sense in higher di men -
sions – e.g. lim it ing the sur face of a square, or act ing as the edge of a
cube. In sim i lar fash ion a sur face can act as a lim it ing ob ject in three di -
men sions, as when it de lim its the vol ume of a cube. In gen eral it can be
stated that what ever is a spa tial sub ject in n di men sions, is an ob ject in
n+1 di men sions. A point is a spa tial ob ject in one di men sion (an ob jec -
tive nu mer i cal anal ogy on the fac tual side of the spa tial as pect), and
there fore a spa tial sub ject in no di men sion (zero di men sions). In terms of
the dif fe ren ce be tween a spa tial sub ject and ob ject, it is im pos si ble to de -
duce spa tial ex ten sion in terms of spa tial ob jects (points). Con se quently it 
is un jus ti fi able to see a line as a set of points.

We have to point out that Hil bert in tro du ced three un de fi ned terms in his
axi o ma ti za ti on of ge o me try in 1899 and that the se terms in stan ti a te the
spa ti al sub ject-object re la ti on at the fac tu al side of the spa ti al as pect. The
un de fi ned term “line” re pre sents the fac tu al sub ject-side (fac tu al, one-di -
mensional spa ti al ex ten si on); the un de fi ned term “point” re pre sents the
fac tu al ob ject-side; whi le the re la ti on of de pen den ce of the lat ter on the
for mer is by the un de fi ned “re la ti o nal” term: “lies on”.

5. Concluding remark

The one-sided ori en ta tions pres ent in the his tory of math e mat ics (ei ther
re duc ing num ber to space or space to num ber) cer tainly are in stances of
“a be lief in some thing(s) or other as di vine” – to re call Clouser’s def i ni -
tion of a “re li gious be lief.”

Ex ploring ei ther num ber or space as the sole prin ci ple of ex pla na tion ul ti -
mately boils down to the divinization of num ber or space. Con se quently,
his the sis that not even math e mat ics can es cape from re li gious pre sup po -
si tions, un der scores the gen eral claim and ti tle of his Book: The Myth of
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Re li gious Neu tral ity!
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